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Calculation of a long sequence of contact critical exponents 

values, for a sequence of 3D SG fractals, for 2 ≤ b ≤ 40 

Results and discussion Results and discussion Summary 

In this paper we have studied two interacting linear polymer chains, 

modelled by two mutually crossing self-avoiding walk (SAWs), situated on 

fractal structures represented by the three-dimensional (3D) Sierpinski 

gasket (SG) family of fractals. The assumption was set that the first polymer 

(P3) is a floating chain in the bulk of the 3D SG fractal, while the second 

polymer chain (P2) is adsorbed on one of the four boundaries of the 3D SG 

fractal, which appears to be a 2D SG fractal. Specifically, we have 

calculated the critical exponent 32, associated with the number of 

monomer–monomer contacts between polymers P3 and P2. By applying the 

renormalization group (RG) method, we have calculated the exact value of 

the critical exponent 32, for the first member b = 2 of the 3D SG fractal 

family. The specific accomplishment in the course of this work is the 

calculation of a long sequence of 32 values, for 2 ≤ b ≤ 40, obtained by the 

Monte Carlo renormalization group (MCRG) method. Our results 

demonstrate that 32, for the studied values of b, monotonically decreases 

with b, and it seems that for b > 40 the critical exponent 32 continues 

decreasing, and in the limit b→∞ tends to the Euclidean value 32
E ≈ 0. In 

addition, using codimension additivity (CA) arguments we have proposed 

phenomenological formulae for the considered contact critical exponents, 

and we have tested their predictions on the obtained sets of data. We find 

that, for fractals labelled with smaller values of b, the CA proposals give 

satisfactory agreement with existing convincing results. 

  

Based on the findings of the performed investigation we may conclude that 

the set of obtained results of the studied problem has been significantly 

extended. We have demonstrated that the statistics of two cross-linked 

polymer chains on the family of 3D SG fractals can be rewardingly studied 

by the MCRG method. In particular, the MCRG study of the contact critical 

exponents revealed their interesting behaviour as functions of the fractal 

scaling parameter b, making a step forward to prescribing the behaviour of 

SAW critical exponents in the fractal-to-Euclidean crossover region. As a 

further investigation one may attempt to extend our study for calculating the 

contact critical exponent 33, when both polymers are floating chains in the 

bulk of a 3D SG fractal. In addition, to make the studied model more 

realistic (but more difficult to study), it can be supplemented with additional 

interactions. For instance, one can introduce the interactions between the 

bulk floating chain and the sites of the adsorbing surface (to promote the 

adsorbed phase of the floating chain), as well as the intra-chain interactions 

(to promote a collapsing phase of the bulk floating chain), and then, in the 

space of interaction parameters, the phase diagram can be investigated, 

together with new contact critical exponents at appropriate phase transition 

fixed points. 
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3D fractals may serve as a better description of real systems 

(porous media, for instance). 

The two-polymer system is 

modelled by two SAWs which are 

allowed to cross each other. 

RG evaluation of 32, only for small b 

MCRG method for large b 

The main goal is the MCRG evaluation of 32, for 

various values of b. In the case b = 2, the exact value 

was calculated. 

32(b = 2) = ln1.7475/ ln 2.7965 = 0.5428 

for b = 2 fractal (0.5440±0.0056 versus 0.5428) MCRG 

result deviates by 0.22% from the exact RG result 

We find the following phenomenological formula for the 

contact critical exponent 

Contact critical exponent  of two 

polymer chains describes  the 

number of the two chains contacts. 

Critical exponent 32 - the first polymer is a floating 3D SG 

chain, while the other is a 2D SG adsorbed chain 

The critical exponent 33 which describes the number of 

polymer–polymer contacts, when both polymers are floating 

chains in the 3D SG fractal container (both polymers are of 

the type P3), and 22 when both polymers are adsorbed by 

the 2D SG surface (both of the type P2). These are the 

corresponding phenomenological formulae: 

32 < 33  < 22 

The possible behaviour of the contact critical exponents in 

the fractal-to-Euclidean crossover region: in the limit b → ∞  

Euclidean values computed: 

Figure 1. The structure of the three-dimensional SG fractal, for b = 2, at the 

first stage of construction, with an example of the bulk polymer chain (P3) 

depicted by a yellow line and the surface adsorbed polymer chain (P2) 

depicted by a red line. The shaded area represents the adsorbing surface (the 

two-dimensional SG fractal). The two polymers are cross-linked at the two 

cites, so that each contact contributes the weight factors w. The blue bonds, 

marked ‘t’, describe the interactions between those monomers which are 

nearest neighbours to the cross-linked points. 

Table 1. The MCRG (2 ≤ b ≤ 40) results obtained in this work for the 

contact critical exponents 32 for the 3D SG family of fractals. 

Table 2. Numerical values for the contact critical exponents 32, 33 and 22 

evaluated from the proposed phenomenological formulae (based on the CA 

arguments). 
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